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Abstract
We continue the study of non-commutative operator graphs gener-
ated by resolutions of identity covariant with respect to unitary actions
of the circle group and the Heisenber-Weyl group as well. It is shown
that the graphs generated by the circle group has the system of uni-
tary generators fulfilling permutations of basis vectors. For the graph
generated by the Heisenberg-Weyl group the explicit formula for a
dimension is given. Thus, we found a new description of the linear
structure for the operator graphs introduced in our previous works.
Keywords non-commutative operator graphs, covariant resolution of
identity, quantum anticliques
1 Introduction
In this article we give a clarification of our current results on non-commutative
operator graphs generated by covariant resolutions of identity [1, 2]. A lin-
ear subspace V in the algebra of all bounded linear operators on the Hilbert
space H is called a non-commutative operator graph if
A ∈ V ⇒ A∗ ∈ V; I ∈ V.
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These objects allow to determine a possibility of zero-error correction for
a system of unitary operators representing errors in quantum information
transmission (for explicit description of this theory see [3, 4]). Basically, we
interested only in graphs satisfying the Knill-Laflamme condition [5]. It is
said that the graph V satisfies the Knill-Laflamme condition, if there is an
orthogonal projection PK on the subspace K ⊂ H such that PKVPK = CPK ,
the projection PK is called an anticlique and the subspace K is known as a
quantum error correcting code.
Some properties and illustrating examples of non-commutative operators
graphs could be given in terms of resolutions of identity covariant with re-
spect to an action of locally-compact groups. Studying of non-commutative
operator graphs generated by covariant resolution of identity was initiated
in [6]. Let G be a locally compact group and B is a sigma-algebra generated
by compact subsets of G, then the set of positive operators {M(B), B ∈ B}
is said to be a resolution of identity if
M(∅) = 0, M(G) = I,
M(∪jBj) =
∑
j
M(Bj), Bk ∩Bl = ∅ for k 6= l, Bj ∈ B.
Let (Ug)g∈G be a projective unitary representation of G. Define the action
of this group on operator A as
ρg(A) = UgAU
∗
g .
Then M(B) is said to be covariant with respect to this action if
ρg(M(B)) =M(gB).
Suppose that a graph V is generated by M(B) in the following sense
V = span{M(B), B ∈ B}.
Note that if H is finite dimensional there is no need to take a closure in the
last equation.
2 Linear structure of V
At first let us define the graph introduced in [1]. Consider the finite dimen-
sional Hilbert space H = Cd⊗Cd and the orthonormal basis |k〉 , 1 ≤ k ≤ d
in Cd. Then, vectors
|ψsn〉 = 1√
d
d∑
k=1
e
2piisk
d |k k − n mod d〉 , 1 ≤ s ≤ d, (1)
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are known as the generalized Bell states. Let Ps, 1 ≤ s ≤ d be the projections
on the subspaces
Hs = span{|ψsn〉 , 1 ≤ n ≤ d}.
Define a unitary representation of the circle group T = [0, 2pi] with the
operation +/mod(2pi) by the formula
ϕ→ Uϕ =
d∑
s=1
eiϕsPs, ϕ ∈ T.
Also consider a set of projections in Cd of the form
Qj =
d∑
k=1
|j j − k mod d〉 〈j j − k mod d| , 1 ≤ j ≤ d. (2)
The following corollary defines examples of the graphs mentioned above.
Corollary 1 [1]. Given j, 1 ≤ j ≤ d, the projection (2) generates the
graph Vj = span{UϕQjU∗ϕ, ϕ ∈ T} for which the projections {Ps, 1 ≤ s ≤ d}
are anticliques.
Let us consider a set of unitary operators defined as follows
Wn =
d∑
l=1
d∑
r=1
|ψl+n mod d r〉 〈ψlr| , 0 ≤ n ≤ d− 1. (3)
The unitaries from (3) act as permutations on the set of vectors (1).
Below we clarify a structure of the graphs determined by Corollary 1.
Theorem 1. All graphs Vj ≡ V coincide for 1 ≤ j ≤ d. Moreover, one
can choose (3) as generators of V.
Proof.
For operators UϕQjU
∗
ϕ we have such expansion in basis |ψkn〉
UϕQjU
∗
ϕ =
d∑
s=1
d∑
l=1
eiϕ(s−l)PsQjPl =
d∑
s=1
d∑
l=1
d∑
r=1
eiϕ(s−l)Ps |j j − r mod d〉 〈j j − r mod d|Pl =
d∑
s=1
d∑
l=1
d∑
r=1
d∑
n=1
d∑
h=1
eiϕ(s−l) |ψsn〉 〈ψsn|j j − r mod d〉 〈j j − r mod d|ψlh〉 〈ψlh| =
3
1d
d∑
s=1
d∑
l=1
d∑
r=1
d∑
n=1
d∑
h=1
eiϕ(s−l)δnrδhre
−
2piij(s−l)
d |ψsn〉 〈ψlh| =
1
d
d∑
s=1
d∑
l=1
eiϕ(s−l)e−
2piij(s−l)
d
d∑
r=1
|ψsr〉 〈ψlr| = 1
d
d−1∑
n=0
ei(ϕ−
2pij
d )nWn, (4)
where unitaries Wn are determined by (3). To complete the proof we need
to show that Wn ∈ Vj for all j, 1 ≤ j ≤ d. Substituting ϕ = ϕkj = 2pi(k+j)d
into (4) we obtain
1
d
d−1∑
n=0
ei
2pikn
d Wn = UϕkjQjU
∗
ϕkj
∈ Vj
for all 0 ≤ k ≤ d− 1. The result follows. ✷
3 Examples for Heisenberg-Weyl Group
Now we want to give an analogous clarification of linear structure for the
example of the non-commutative operator graph generated by the same tech-
nique implied for the Heisenberg-Weyl group. Unlike the circle group this
group is non-commutative.
At first we need to introduce the construction from [2]. Let H, dimH = d
be a finite-dimensional Hilbert space with the fixed orthogonal basis |j〉 , 0 ≤
j ≤ d− 1. Unitary operators S and M on H given by the formulae
S |j〉 = |j + 1 mod d〉 , M |j〉 = e 2piid j |j〉
define the representation of Heisenberg-Weyl group Gd of rank d.
Consider H = H ⊗ H with the orthonormal basis |kj〉 , 0 ≤ k, j ≤ d − 1.
Also consider the orthogonal basis in H consisting of entangled vectors
h0k =
1√
n
d−1∑
j=0
e
2piikj
d |jj〉 ,
hjk = (I ⊗ Sj)h0k.
Define subspaces in H spanned by systems of the following entangled vectors
Hj = span{hjk, 0 ≤ k ≤ d− 1}.
Let pi be the map transmitting S and U to unitary operators in H as follows
pi(S)hjk = h
j
k+1 mod d,
4
pi(M)hjk = e
2pii
d
khjk.
It is shown in [2] that the map pi can be extended to a unitary representation
of the group Gd.
Also we need special sums of matrix units
yml =
d−1∑
k=0
|hkm〉 〈hkl |
and their linear combinations
h0 =
d−1∑
m=0
ymm ≡ I,
hp =
d−1∑
m=0
ym+p mod d m + ym m+p mod d, 1 ≤ p ≤ d− 1.
Resulting linear structure of the operator graph generated by representation
pi was given in [2] as follows V = span{hp, 0 ≤ p ≤ d− 1}. Here we give the
explicit value for a dimension of this graph.
Theorem 2. A dimension of the graph is given by the formula{
dimV = d−1
2
+ 1 for odd d
dimV = d
2
+ 1 for even d
(5)
Proof.
Equation
hp = hp′
or equivalently
d−1∑
m=0
ym+p mod d m+
d−1∑
m=0
ym m+p mod d =
d−1∑
m
′=0
ym′+p′ mod d m′+
d−1∑
m
′=0
ym′ m′+p′ mod d
holds true if
p′ = d− p
because a first summand in the left hand side equals to a second summand
in the right hand side and vice-versa. Thus, dimV expresses by (5). ✷
The next corollary follows from the proof of the theorem.
Corollary 2. The graph V has the system of generators{
V = span{hp, 0 ≤ p ≤ d−12 + 1} for odd d
V = span{hp, 0 ≤ p ≤ d2 + 1} for even d
5
4 Conclusion
We gave a clarification of the examples of the operator graphs given in [1].
It is shown that all these examples coincide and it is possible to choose
unitary generators of a given graph, so we have the same situation as in [2].
For examples given in [2] we gave the explicit formula for dimensions of the
graphs and specified their linear structure.
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